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ON THE OBATA THEOREM IN A WEIGHTED SASAKIAN MANIFOLD
∗SHU-CHENG CHANG1, ∗∗DAGUANG CHEN2, AND ∗CHIN-TUNG WU3
Abstract. In this paper, we generalize the CR Obata theorem to a compact strictly pseu-
doconvex CR manifold with a weighted volume measure. More precisely, we first derive the
weighted CR Reilly’s formula associated with the Witten sub-Laplacian and obtain the corre-
sponding first eigenvalue estimate. With its applications, we obtain the CR Obata theorem in
a compact weighted Sasakian manifold with or without boundary.
1. Introduction
Let (M,J, θ, dσ) be a compact strictly pseudoconvex CR (2n + 1)-manifold with a weighted
volume measure dσ = e−φ(x)θ ∧ (dθ)n for a given smooth weighted function φ. In this paper,
we first derive the weighted CR Reilly formula (1.3) associated with the Witten sub-Laplacian
([CCKL])
L = ∆b −∇bφ · ∇b
in a compact weighted strictly pseudoconvex CR (2n + 1)-manifold with or without boundary.
Here ∇b is the subgradient and ∆b is the sub-Laplacian as in section 2. Secondly, we obtain
the corresponding first eigenvalue estimate for the Witten sub-Laplacian in a compact weighted
strictly pseudoconvex CR (2n + 1)-manifold with or without smooth boundary. With its ap-
plications, we obtain the CR Obata theorem in a compact weighted Sasakian manifold with or
without boundary which is served as a generalization of results in [CC1], [CC2] and [LW].
Note that the Witten sub-Laplacian L satisfies the following integration by parts equation
∫
M
g (Lf) dσ = − ∫
M
〈∇bf,∇bg〉dσ =
∫
M
f (Lg) dσ,
1991 Mathematics Subject Classification. Primary 32V05, 32V20; Secondary 53C56.
Key words and phrases. Weighted CR Obata Theorem, Sasakian manifold, CR Dirichlet eigenvalue, Weighted
CR Reilly formula, Bakry-Emery pseudohermitian Ricci curvature, Witten sub-Laplacian.
∗Research supported in part by the MOST of Taiwan
∗∗Research supported in part by NSFC grant No. 11831005/11571360.
1
2 ∗SHU-CHENG CHANG1, ∗∗DAGUANG CHEN2, AND ∗CHIN-TUNG WU3
for all smooth functions f, g in a compact weighted strictly pseudoconvex CR (2n+1)-manifold
M without boundary. As in [CCKL] the (∞-dimensional) Bakry-Emery pseudohermitian Ricci
curvature Ric(L) and the corresponding torsion Tor(L) are defined by
(1.1)
Ric(L)(W,W ) = RαβW αW β + (n+ 2)Re[φαβW αW β],
T or(L)(W,W ) = 2Re[(√−1Aαβ − n+2n+1φαβ)W αW β],
for all W =W αZα +W
αZα ∈ T 1,0(M)⊕ T 0,1(M).
Now we recall the weighted CR Paneitz operator P φ0 (Definition 2.2)
(1.2) P φβ f = Pβf − 12 〈∇bφ,∇bf〉,β + n2
√−1f0φβ.
Here P φf =
∑n
β=1(P
φ
β f)θ
β and P
φ
f =
∑n
β=1(P
φ
βf)θ
β (Definition 2.1). Then the weighted CR
Paneitz operator P φ0 is defined by
P
φ
0 f := 4e
φ[δb(e
−φP φf) + δb(e−φP
φ
f)].
By using integrating by parts to the CR Bochner formula (3.5) for L with respect to the given
weighted volume measure dσ, we derive the following weighted CR Reilly formula.
Theorem 1.1. Let (M,J, θ, dσ) be a compact weighted strictly pseudoconvex CR (2n + 1)-
manifold with or without boundary Σ. Then for any real smooth function f , we have
(1.3)
n+1
n
∫
M
[(Lf)2 − 2n
n+1
∑
β,γ |fβγ − 12fβφγ |2]dσ
= n+2
4n
∫
M
fP
φ
0 fdσ +
∫
M
[Ric(L)− n+1
2
Tor(L)](∇bf,∇bf)dσ
+n+1
2
∫
M
(Lf) 〈∇bf,∇bφ〉dσ − n+24
∫
M
[Lφ+ 1
2(n+2)
|∇bφ|2]|∇bf |2dσ
+ 3
4n
Cn
∫
Σ
(Lf)fe
2n
dΣφp − n+22n
√−1Cn
∫
Σ
f(P φn f − P φn f)dΣφp
+Cn
∫
Σ
fe2n∆
t
bfdΣ
φ
p +
1
2
√−1Cn
∫
Σ
(fβBnβf − fβBnβf)dΣφp
+1
4
Cn
∫
Σ
Hp.hf
2
e2n
dΣφp − 12Cn
∫
Σ
αfenfe2ndΣ
φ
p +
3
4
Cn
∫
Σ
f0fendΣ
φ
p
−n2+3n−1
4n
Cn
∫
Σ
〈∇bf,∇bφ〉 fe2ndΣφp + n−12n Cn
∫
Σ
〈∇bf,∇bφ〉e2n fdΣφp
+n+2
8
Cn
∫
Σ
|∇bf |2φe
2n
dΣφp +
1
4
Cn
∫
Σ
∑2n−1
j,k=1
〈∇eje2n, ek
〉
fejfekdΣ
φ
p
−1
4
Cn
∫
Σ
∑2n−1
j=1 [
〈∇ejen, ej
〉
fen + fejφej ]fe2ndΣ
φ
p .
Here P φ0 is the weighted CR Paneitz operator on M, Cn := 2
nn!; Bβγf := fβγ − 1nfσ σhβγ ,
∆tb :=
1
2
∑2n−1
j=1 [(ej)
2 − (∇ejej)t] is the tangential sub-Laplacian of Σ and Hp.h is the p-mean
curvature of Σ with respect to the Legendrian normal e2n, αe2n + T ∈ TΣ for some function
α on Σ\SΣ, the singular set SΣ consists of those points where the contact bundle ξ = ker θ
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coincides with the tangent bundle TΣ of Σ, and dΣφp = e
−φθ ∧ e1 ∧ en+1 ∧ · · · ∧ en−1 ∧ e2n−1 ∧ en
is the weighted p-area element on Σ.
In Lemma 2.2, we observe that
(1.4)
P
φ
0 f = 2 (L2 + n2T 2) f − 4nReQφf − 2n2φ0f0
= 2φb
φ
b f − 4nQφf − 2n2φ0f0 − 2n
√−1 〈∇bφ0,∇bf〉
= 2
φ
b
φ
b f − 4nQ
φ
f − 2n2φ0f0 + 2n
√−1 〈∇bφ0,∇bf〉 ,
for the weighted Kohn Laplacian φb f = (−L+n
√−1T )f. This implies that P φ0 is a self-adjoint
operator in a compact weighted pseudohermitian (2n+1)-manifold without boundary. However,
in order for the CR Paneitz P φ0 to be self-adjoint when M with the nonempty smooth boundary
Σ, one needs all smooth functions on M satisfy some suitable boundary conditions on Σ. That
is, one can consider the following Dirichlet eigenvalue problem for P φ0 :
(1.5)


P
φ
0 ϕ = µDϕ on M,
ϕ = 0 = Lϕ on Σ.
Hence
(1.6)
∫
M
ϕP
φ
0 ϕdσ ≥ µ1D
∫
M
ϕ2dσ
for the first Dirichlet eigenvalue µ1
D
and all smooth functions on M with ϕ = 0 = Lϕ on Σ. We
refer [CCW] for some details in case that φ is constant.
In general, µ1
D
is not always nonnegative. It is related to the nonnegativity of the weighted
CR Paneitz operator P φ0 in a compact weighted strictly pseudoconvex CR (2n+ 1)-manifold.
Definition 1.1. Let (M,J, θ, dσ) be a compact weighted strictly pseudoconvex CR (2n + 1)-
manifold with smooth boundary Σ. We say that the weighted CR Paneitz operator P φ0 is non-
negative if
∫
M
ϕP
φ
0 ϕdµ ≥ 0
for all smooth functions ϕ with suitable boundary conditions (1.5) as in Dirichlet eigenvalue
problem.
Remark 1.1. Let (M,J, θ, dσ) be a compact weighted strictly pseudoconvex CR (2n+1)-manifold
of vanishing torsion with or without smooth boundary Σ and φ0 vanishes on M . It follows
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from (1.4) that the weighted Kohn Laplacian φb and 
φ
b commute and they are diagonalized
simultaneously with
P
φ
0 = 
φ
b
φ
b +
φ
b
φ
b .
Then the corresponding weighted CR Paneitz operator P φ0 is nonnegative (Lemma 2.3). That is
µ1
D
≥ 0.
With its applications, we first derive the first eigenvalue estimate and weighted CR Obata
theorem in a closed weighted strictly pseudoconvex CR (2n+ 1)-manifold.
Theorem 1.2. Let (M,J, θ, dσ) be a closed weighted strictly pseudoconvex CR (2n+1)-manifold
with the nonnegative weighted CR Paneitz operator P φ0 . Suppose that
(1.7) [Ric(L)− n+1
2
Tor(L)](Z,Z) ≥ k 〈Z,Z〉
for all Z ∈ T1,0 and a positive constant k. Then the first eigenvalue of the Witten sub-Laplacian
L satisfies the lower bound
(1.8) λ1 ≥ 2n[k−(n+2)l](n+1)(2+nω) ,
where ω = osc
M
φ = sup
M
φ− inf
M
φ and for nonnegative constant l with 0 ≤ l < k
n+2
such that
(1.9) Lφ+ 1
2(n+2)
|∇bφ|2 ≤ 4l
on M. Moreover, if the equality (1.8) holds, then M is CR isometric to a standard CR (2n+1)-
sphere.
Furthermore, P φ0 is nonnegative if the torsion is zero (i.e. Sasakian) and φ0 vanishes (Lemma
2.3). Then we have the following CR Obata theorem in a closed weighted Sasakian (2n + 1)-
manifold.
Corollary 1.1. Let (M,J, θ, dσ) be a closed weighted Sasakian (2n+1)-manifold. Suppose that
[Ric(L)− n+1
2
Tor(L)](Z,Z) ≥ k 〈Z,Z〉
and
φ0 = 0,
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for all Z ∈ T1,0, a positive constant k. Then the first eigenvalue of the Witten sub-Laplacian L
satisfies the lower bound
(1.10) λ1 ≥ 2n[k−(n+2)l](n+1)(2+nω) ,
where ω = osc
M
φ = sup
M
φ− inf
M
φ and for nonnegative constant l with 0 ≤ l < k
n+2
such that
Lφ+ 1
2(n+2)
|∇bφ|2 ≤ 4l
on M. Moreover, if the equality (1.10) holds, then M is CR isometric to a standard CR (2n+1)-
sphere.
Remark 1.2. 1. Theorem 1.2 and Corollary 1.1 are done as in [Gr], [Ch] and [CC3] in case
that the weighted function φ is constant in which l = 0.
2. Note that (1.9) is equivalent to
Lφ+ 1
2(n+2)
|∇bφ|2 = ∆bφ− 2n+32(n+2) |∇bφ|2 ≤ 4l < 4kn+2 .
Then by comparing (1.1), (1.9) and (1.7), it has a plenty of rooms for the choice of the weighted
function φ. For example, it is the case by a small perturbation of the subhessian of the weighted
function φ.
Secondly, we consider the following Dirichlet eigenvalue problem of the Witten sub-Laplacian
L in a compact weighted strictly pseudoconvex CR (2n+1)-manifoldM with smooth boundary
Σ:
(1.11)


Lf = −λ1f on M,
f = 0 on Σ.
Then we have the following CR first Dirichlet eigenvalue estimate and its weighted Obata The-
orem.
Theorem 1.3. Let (M,J, θ, dσ) be a compact weighted strictly pseudoconvex CR (2n + 1)-
manifold with the smooth boundary Σ and the weighted CR Paneitz operator P φ0 is nonnegative.
Suppose that
[Ric(L)− n+1
2
Tor(L)](Z,Z) ≥ k 〈Z,Z〉
for all Z ∈ T1,0, and the pseudohermitian mean curvature and connection 1-form satisfies
Hp.h − ω˜ nn (en)− n+22 φe2n ≥ 0
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on Σ and Hp.h+ ω˜
n
n (en) is also nonnegative on Σ for n ≥ 2. Then the first Dirichlet eigenvalue
of the Witten sub-Laplacian L satisfies the lower bound
(1.12) λ1 ≥ 2n[k−(n+2)l](n+1)(2+nω) ,
where ω = osc
M
φ = sup
M
φ− inf
M
φ and for nonnegative constant l with 0 ≤ l < k
n+2
such that
Lφ+ 1
2(n+2)
|∇bφ|2 ≤ 4l
on M. Moreover, if the equality (1.12) holds, then M is isometric to a hemisphere in a standard
CR (2n+ 1)-sphere.
Corollary 1.2. Let (M,J, θ, dσ) be a compact weighted Sasakian (2n+1)-manifold with smooth
boundary Σ. Suppose that
[Ric(L)− n+1
2
Tor(L)](Z,Z) ≥ k 〈Z,Z〉
for all Z ∈ T1,0, and
φ0 = 0.
Furthermore, assume that the pseudohermitian mean curvature and connection 1-form satisfies
Hp.h − ω˜ nn (en) ≥ 0
on Σ and Hp.h + ω˜
n
n (en) is also nonnegative on Σ if n ≥ 2. Then the first Dirichlet eigenvalue
of the Witten sub-Laplacian L satisfies the lower bound
λ1 ≥ 2n[k−(n+2)l](n+1)(2+nω) ,
where ω = osc
M
φ = sup
M
φ− inf
M
φ and for nonnegative constant l with 0 ≤ l < k
n+2
such that
Lφ+ 1
2(n+2)
|∇bφ|2 ≤ 4l
on M. Moreover, if the equality holds then M is isometric to a hemisphere in a standard CR
(2n+ 1)-sphere.
We briefly describe the methods used in our proofs. In section 2, we introduce the weighted CR
Paneitz operator P φ0 . In section 3, by using integrating by parts to the weighted CR Bochner
formula (3.5), we can derive the CR version of weighted Reilly’s formula. By applying the
weighted CR Reilly’s formula, we are able to obtain the first eigenvalue estimate of the Witten
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sub-Laplacian as in section 4 in a closed weighted strictly pseudoconvex CR (2n + 1)-manifold
and its weighted Obata Theorem. In section 5, we derive the first Dirichlet eigenvalue estimate
in a compact weighted strictly pseudoconvex CR (2n + 1)-manifold with boundary Σ and its
corresponding weighted Obata-type Theorem.
Acknowledgements This work was partially done while the second author visited Taida
Institute of Mathematical Sciences (TIMS), Taiwan. He would like to thank the institute for its
hospitality.
2. The weighted CR Paneitz Operator
We first introduce some basic materials in a strictly pseudoconvex CR (2n + 1)-manifold
(M,J, θ). Let (M,J, θ) be a (2n + 1)-dimensional, orientable, contact manifold with contact
structure ξ = ker θ. A CR structure compatible with ξ is an endomorphism J : ξ → ξ such
that J2 = −1. We also assume that J satisfies the following integrability condition: If X and
Y are in ξ, then so is [JX, Y ] + [X, JY ] and J([JX, Y ] + [X, JY ]) = [JX, JY ]− [X, Y ]. A CR
structure J can extend to C⊗ξ and decomposes C⊗ξ into the direct sum of T1,0 and T0,1 which
are eigenspaces of J with respect to eigenvalues
√−1 and −√−1, respectively. A manifold M
with a CR structure is called a CR manifold. A pseudohermitian structure compatible with ξ
is a CR structure J compatible with ξ together with a choice of contact form θ. Such a choice
determines a unique real vector field T transverse to ξ, which is called the characteristic vector
field of θ, such that θ(T ) = 1 and LTθ = 0 or dθ(T, ·) = 0. Let
{
T, Zβ, Zβ
}
be a frame of
TM ⊗C, where Zβ is any local frame of T1,0, Zβ = Zβ ∈ T0,1 and T is the characteristic vector
field. Then {θ, θβ, θβ}, which is the coframe dual to {T, Zβ, Zβ
}
, satisfies
(2.1) dθ =
√−1hβγθβ ∧ θγ,
for some positive definite Hermitian matrix of functions (hβγ). Actually we can always choose
Zβ such that hβγ = δβγ; hence, throughout this note, we assume hβγ = δβγ.
The Levi form 〈 , 〉 is the Hermitian form on T1,0 defined by
〈Z,W 〉 = −√−1 〈dθ, Z ∧W〉 .
We can extend 〈 , 〉 to T0,1 by defining
〈
Z,W
〉
= 〈Z,W 〉 for all Z,W ∈ T1,0. The Levi form
induces naturally a Hermitian form on the dual bundle of T1,0, also denoted by 〈 , 〉, and hence
on all the induced tensor bundles. Integrating the Hermitian form (when acting on sections)
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over M with respect to the volume form dµ = θ ∧ (dθ)n, we get an inner product on the space
of sections of each tensor bundle.
The pseudohermitian connection of (J, θ) is the connection ∇ on TM ⊗ C (and extended to
tensors) given in terms of a local frame Zβ ∈ T1,0 by
∇Zβ = θβγ ⊗ Zγ, ∇Zβ = θβγ ⊗ Zγ, ∇T = 0,
where θβ
γ are the 1-forms uniquely determined by the following equations:
dθβ = θγ ∧ θγβ + θ ∧ τβ,
τβ ∧ θβ = 0 = θβγ + θβγ .
(2.2)
We can write (by Cartan lemma) τβ = Aβγθ
γ with Aβγ = Aγβ. The curvature of the Tanaka-
Webster connection, expressed in terms of the coframe {θ = θ0, θβ, θβ}, is
Πβ
γ = Πβ¯
γ = dθβ
γ − θβσ ∧ θσγ,
Π0
β = Πβ
0 = Π0
β¯ = Πβ¯
0 = Π0
0 = 0.
Webster showed that Πβ
γ can be written
Πβ
γ = Rβ
γ
ρσ¯θ
ρ ∧ θσ¯ +Wβγρθρ ∧ θ −W γβρ¯θρ¯ ∧ θ +
√−1(θβ ∧ τ γ − τβ ∧ θγ)
where the coefficients satisfy
Rβγρσ¯ = Rγβ¯σρ¯ = Rγβσ¯ρ = Rργβσ¯, Wβγρ =Wργβ.
We will denote components of covariant derivatives with indices preceded by comma; thus
write Aρβ,γ. The indices {0, β, β} indicate derivatives with respect to {T, Zβ, Zβ}. For derivatives
of a scalar function, we will often omit the comma, for instance, uβ = Zβu, uγβ¯ = Zβ¯Zγu −
θγ
ρ(Zβ¯)Zρu, u0 = Tu for a smooth function u .
For a real function u, the subgradient ∇b is defined by ∇bu ∈ ξ and 〈Z,∇bu〉 = du(Z) for
all vector fields Z tangent to contact plane. Locally ∇bu = uβZβ + uβZβ. We can use the
connection to define the subhessian as the complex linear map
(∇H)2u : T1,0 ⊕ T0,1 → T1,0 ⊕ T0,1 by (∇H)2u(Z) = ∇Z∇bu.
In particular,
|∇bu|2 = 2
∑
β uβu
β, |∇2bu|2 = 2
∑
β,γ(uβγu
βγ + uβγu
βγ).
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Also the sub-Laplacian is defined by
∆bu = Tr
(
(∇H)2u) =∑β(uββ + uββ).
The pseudohermitian Ricci tensor and the torsion tensor on T1,0 are defined by
Ric(X, Y ) = Rγβ¯X
γY β¯
Tor(X, Y ) =
√−1∑γ,β(Aγβ¯XγY β¯ − AγβXγY β),
where X = XγZγ, Y = Y
βZβ.
Let M be a compact strictly pseudoconvex CR (2n + 1)-manifold with a weighted volume
measure dσ = e−φ(x)dµ for a given smooth function φ. In this section, we define the weighted
CR Paneitz operator P φ0 . First we recall the definition of the CR Paneitz operator P0.
Definition 2.1. ([GL]) Let (M,J, θ) be a compact strictly pseudoconvex CR (2n+1)-manifold.
We define
Pf =
∑n
γ,β=1(f
γ
γ β +
√−1nAβγf γ)θβ =
∑n
β=1(Pβf)θ
β,
which is an operator that characterizes CR-pluriharmonic functions. Here
Pβf =
∑n
γ=1(f
γ
γ β +
√−1nAβγf γ), β = 1, · · · , n,
and Pf =
∑n
β=1
(
P βf
)
θβ, the conjugate of P . The CR Paneitz operator P0 is defined by
P0f = 4[δb(Pf) + δb(Pf)],
where δb is the divergence operator that takes (1, 0)-forms to functions by δb(σβθ
β) = σ ββ , and
similarly, δb(σβθ
β) = σ β
β
.
One can define ([GL]) the purely holomorphic second-order operator Q by
Qf := 2
√−1(Aαβfα),β .
Note that [∆b, T ]f = 2ImQf and observe that
(2.3)
P0f = 2(∆
2
b + n
2T 2)f − 4nReQf
= 2bbf − 4nQf = 2bbf − 4nQf,
for bf = (−∆b + n
√−1T )f = −2fβ β be the Kohn Laplacian operator.
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With respect to the weighted volume measure dσ, we define the purely holomorphic second-
order operator Qφ by
Qφf := Qf − 2√−1(Aαβfαφβ) = 2
√−1eφ(e−φAαβfα),β ,
and thus we have
(2.4) [L, T ]f = 2ImQφf + 〈∇bφ0,∇bf〉 .
Definition 2.2. We define the weighted CR Paneitz operator P φ0 as follows
P
φ
0 f = 4e
φ[δb(e
−φP φf) + δb(e−φP
φ
f)].
Here P φf =
∑n
β=1(P
φ
β f)θ
β and P
φ
f =
∑n
β=1(P
φ
βf)θ
β, the conjugate of P φ with
P
φ
β f = Pβf − 12 〈∇bφ,∇bf〉,β + n2
√−1f0φβ.
We explain why the weighted CR Paneitz operator P φ0 to be defined in this way. Comparing
with the Riemannian case, we have the extra term 〈J∇bf,∇bf0〉 in the CR Bochner formula
(3.1) for ∆b, which is hard to deal. From [CC2], we can relate 〈J∇bf,∇bf0〉 with 〈∇bf,∇b∆bf〉
by
〈J∇bf,∇bf0〉 = 1n〈∇bf,∇b∆bf〉 − 2n〈Pf + Pf, dbf〉 − 2Tor(∇bfC,∇bfC),
then by integral with respect to the volume measure dµ = θ ∧ (dθ)n yields
(2.5) n2
∫
M
f 20dµ =
∫
M
(∆bf)
2
dµ− 1
2
∫
M
fP0fdµ+ n
∫
M
Tor(∇bf,∇bf)dµ.
This integral says that the integral of the square of f0 can be replace by the integral of the
square of ∆bf and the integral of the CR Paneitz operator P0. For the CR Bochner formula
(3.2) for L, we also have the extra term 〈J∇bf,∇bf0〉− f0〈J∇bf,∇bφ〉, which can be related by
〈J∇bf,∇bf0〉 − f0〈J∇bf,∇bφ〉 = 1n〈∇bf,∇bLf〉 − 2n〈P φf + P
φ
f, dbf〉 − Tor(∇bf,∇bf).
Then by integral with respect to the weighted volume measure dσ = e−φθ ∧ (dθ)n , one gets
n2
∫
M
f 20dσ =
∫
M
(Lf)2 dσ − 1
2
∫
M
fP
φ
0 fdσ + n
∫
M
Tor(∇bf,∇bf)dσ.
This integral have the same type as (2.5) when we replace L, P φ0 and dσ by ∆b, P0 and dµ,
respectively.
First we compare the relation between P φ0 and P0.
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Lemma 2.1. Let (M,J, θ) be a compact strictly pseudoconvex CR (2n+1)-manifold. We obtain
(2.6) P φ0 f = P0f − 4〈Pf + Pf, dbφ〉 − 2L 〈∇bφ,∇bf〉 − 2n〈J∇bφ,∇bf0〉 − 2n2f0φ0.
Proof. By the definition of P φ0 and (1.2), we compute
P
φ
0 f = 4[δb(P
φf) + δb(P
φ
f)]− 4〈P φf + P φf, dbφ〉
= 4(Pβf − 12 〈∇bφ,∇bf〉,β + n2
√−1f0φβ),β
+4(Pβf − 12 〈∇bφ,∇bf〉,β − n2
√−1f0φβ),β
−4〈Pf + Pf, dbφ〉 − 2 〈∇b 〈∇bφ,∇bf〉 ,∇bφ〉
= P0f − 4〈Pf + Pf, dbφ〉 − 2L 〈∇bφ,∇bf〉
−2n (〈J∇bφ,∇bf0〉+ nf0φ0) .

Second, we define the weighted Kohn Laplacian operator as

φ
b f := (−L+ n
√−1T )f,
then we have the similar formula for P φ0 like the expression for P0 (2.3).
Lemma 2.2. Let (M,J, θ) be a compact strictly pseudoconvex CR (2n+ 1)-manifold. We have
(2.7)
P
φ
0 f = 2 (L2 + n2T 2) f − 4nReQφf − 2n2φ0f0
= 2φb
φ
b f − 4nQφf − 2n2φ0f0 − 2n
√−1 〈∇bφ0,∇bf〉
= 2
φ
b
φ
b f − 4nQ
φ
f − 2n2φ0f0 + 2n
√−1 〈∇bφ0,∇bf〉 .
Proof. By the straightforward calculation, we have

φ
b
φ
b f = (−L+ n
√−1T )(−Lf − n√−1f0)
= (L2f + n2f00) + n
√−1[L, T ]f
= (L2f + n2f00) + n
√−1 (2ImQφf + 〈∇bφ0,∇bf〉
)
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and

φ
b
φ
b f = (−L + n
√−1T )(−Lf − n√−1f0)
= (−L + n√−1T )(−∆bf + 〈∇bφ,∇bf〉 − n
√−1f0)
= L(∆bf − 〈∇bφ,∇bf〉+ n
√−1f0)
−n√−1T (∆bf − 〈∇bφ,∇bf〉+ n
√−1f0)
= ∆b(∆bf − 〈∇bφ,∇bf〉+ n
√−1f0)
− 〈∇bφ,∇b(∆bf − 〈∇bφ,∇bf〉+ n
√−1f0)
〉
−n√−1T (∆bf − 〈∇bφ,∇bf〉+ n
√−1f0)
= ∆2bf + n
2f00 −L 〈∇bφ,∇bf〉+ n
√−1[L, T ]f − 〈∇bφ,∇b∆bf〉
= ∆2bf + n
2f00 −L 〈∇bφ,∇bf〉+ n
√−1Lf0 − 〈∇bφ,∇b∆bf〉
−n√−1[∆bf0 − 2ImQf − fβφβ0 − fβφβ0
− 〈∇bφ,∇bf0〉+ Aαβfαφβ + Aαβfαφβ]
= ∆2bf + n
2f00 −L 〈∇bφ,∇bf〉 − 〈∇bφ,∇b∆bf〉
+n
√−1[2ImQf + (fβφ0β + fβφ0β)− 2(Aαβfαφβ + Aαβfαφβ)]
By using the equation
n〈J∇bφ,∇bf0〉 = 〈∇bφ,∇b∆bf〉 − 2〈Pf + Pf, dbφ〉+ 2n
√−1(Aαβfαφβ −Aαβfαφβ),
we deduce

φ
b
φ
b f = ∆
2
bf + n
2f00 − L 〈∇bφ,∇bf〉 − n 〈J∇bφ,∇bf0〉 − 2〈Pf + Pf, dbφ〉
+2n
√−1(Aαβfαφβ − Aαβfαφβ) + 2nImQf
+n
√−1 〈∇bφ0,∇bf〉 − 2n
√−1(Aαβfαφβ + Aαβfαφβ)
= 1
2
P0f + 2nReQf − L 〈∇bφ,∇bf〉 − n 〈J∇bφ,∇bf0〉 − 2〈Pf + Pf, dbφ〉
+2n ImQf − 4n√−1Aαβfαφβ + n
√−1 〈∇bφ0,∇bf〉 .
Finally, we obtain
2φb
φ
b f = P0f − 2L 〈∇bφ,∇bf〉 − 2n 〈J∇bφ,∇bf0〉 − 4〈Pf + Pf, dbφ〉
+4n(Qf − 2√−1Aαβfαφβ) + 2n
√−1 〈∇bφ0,∇bf〉
= P φ0 f + 2n
2φ0f0 + nQ
φf + 2n
√−1 〈∇bφ0,∇bf〉 ,
as desired. 
In the following we show that if the pseudohermitian torsion of M is zero and φ0 vanishes,
then the weighted CR Paneitz operator P φ0 is nonnegative for all smooth functions with Dirichlet
boundary condition (1.5).
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Lemma 2.3. Let (M,J, θ, dσ) be a compact weighted Sasakian (2n+1)-manifold with boundary
Σ. If φ0 vanishes, then the weighted CR Paneitz operator P
φ
0 is nonnegative for all smooth func-
tions with Dirichlet boundary condition (1.5). In particular, the weighted CR Paneitz operator
P
φ
0 is nonnegative in a closed weighted Sasakian (2n+ 1)-manifold if φ0 vanishes.
Proof. The zero pseudohermitian torsion and φ0 = 0 implies that the weighted CR Paneitz
operator becomes P φ0 = 
φ
b
φ
b +
φ
b
φ
b , and the weighted Kohn Laplacian 
φ
b and 
φ
b commute,
so they are diagonalized simultaneously on the finite dimensional eigenspace of φb with respect
to any nonzero eigenvalue. And we know that the eigenvalues of φb (and thus of 
φ
b ) are all
nonnegative, since for any real function ϕ with ϕ = 0 on Σ
∫
M
ϕ
φ
bϕdσ =
∫
M
ϕ(−Lϕ + n√−1ϕ0)dσ
=
∫
M
[|∇bϕ|2 + 12n
√−1ϕ2φ0]dσ − 12Cn
∫
Σ
ϕ[ϕe
2n
+ n
√−1αϕ]dΣφp
=
∫
M
|∇bϕ|2 dσ,
here we used the condition φ0 vanishes on M . Therefore, P
φ
0 is nonnegative. 
Lemma 2.4. Let (M,J, θ) be a compact Sasakian 3-manifold with the smooth boundary Σ. Then
for the first eigenfunction f of Dirichlet eigenvalue problem


∆bf = −λ1f on M,
f = 0 on Σ,
we have
∫
M
fP0fdµ =
16
λ1
∫
M
|P1f |2 dµ ≥ 0.
Proof. It follows from the formula [∆b, T ] f = 4Im[
√−1 (A11f1) ,1 ] = 0 that ∆bf0 = −λ1f0.
From the divergence theorem, we compute
(2.8)
∫
M
[|∇bf |2 − λ1f 2]dµ =
∫
M
|∇bf |2 + f∆bfdµ =
∫
Σ
ffe2θ ∧ e1 = 0
and
(2.9)
∫
M
[|∇bf0|2 − λ1f 20 ]dµ =
∫
M
|∇bf0|2 + f0∆bf0dµ =
∫
Σ
f0f0e2θ ∧ e1 = 0,
here we used the last equation is zero which will be showed later. From the identity P0f =
2 (∆2bf + f00) = 2
(
λ21f + f00
)
on M and from (3.8), we have
(2.10)
∫
M
fP0fdµ = 2
∫
M
(
λ21f
2 − f 20
)
dµ− 4 ∫
Σ
αff0θ ∧ e1 = 2
∫
M
(
λ21f
2 − f 20
)
dµ.
14 ∗SHU-CHENG CHANG1, ∗∗DAGUANG CHEN2, AND ∗CHIN-TUNG WU3
Also from the identity P1f = f111 =
1
2
(
∆bf −
√−1f0
)
,1= −12
(
λ1f1 +
√−1f01
)
, we get
|P1f |2 = 18 [λ21 |∇bf |2 + |∇bf0|2 + 2λ1〈J∇bf,∇bf0〉].
Thus, from (2.8), (2.9), (3.9) and (2.10), we have
8
∫
M
|P1f |2 dµ =
∫
M
[λ21 |∇bf |2 + |∇bf0|2 − 2λ1f 20 ]dµ
=
∫
M
[λ31f
2 − λ1f 20 ]dµ = 12λ1
∫
M
fP0fdµ,
as desired.
In the following we claim that
∫
Σ
f0f0e2θ ∧ e1 = 0. By using the equation
(2.11)
∫
M
ψ0dµ =
∫
M
divb (J∇bψ) dµ =
∫
Σ
ψe1θ ∧ e1 = 0
for any real function ψ which vanishes on Σ to get that
∫
M
(f 2)0 dµ = 0, and from
∫
M
[f∆bf0 + 〈∇bf,∇bf0〉]dµ =
∫
Σ
ff0e2θ ∧ e1 = 0,
one obtains
∫
M
〈∇bf,∇bf0〉 dµ = 0. Thus
(2.12) 0 =
∫
M
[f0∆bf + 〈∇bf,∇bf0〉]dµ =
∫
Σ
f0fe2θ ∧ e1.
On the other hand, since f = 0 on Σ and αe2 + T is tangent along Σ from the definition of α,
so on Σ we have
f0 = −αfe2
and
−αθ ∧ e1 = e1 ∧ e2 = 1
2
dθ
which is a nonnegative 2-form on Σ. It follows from (2.12) that
0 =
∫
Σ
f0fe2θ ∧ e1 = −
∫
Σ
αf 2e2θ ∧ e1 =
∫
Σ
f 2e2e
1 ∧ e2
to imply that
∫
Σ
f0f0e2θ ∧ e1 = −
∫
Σ
αfe2f0e2θ ∧ e1 =
∫
Σ
fe2f0e2e
1 ∧ e2 = 0,
here we used the Ho˝lder’s inequality in the last equation. 
Finally, we recall the Lemma 4.1 in [CCW].
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Lemma 2.5. Let (M,J, θ) be a compact strictly pseudoconvex CR (2n + 1)-manifold with the
smooth boundary Σ if n ≥ 2. Then for the first eigenfunction f of Dirichlet eigenvalue problem


∆bf = −λ1f on M,
f = 0 on Σ,
we have
n−1
8n
∫
M
fP0fdµ =
∫
M
∑
β,γ |fβγ − 1nfσσhβγ|2dµ+ 116Cn
∫
Σ
(Hp.h + ω˜
n
n (en))f
2
e2n
dΣp
which implies
∫
M
fP0fdµ ≥ 0
if Hp.h + ω˜
n
n (en) is nonnegative on Σ.
3. The Weighted CR Reilly Formula
LetM be a compact strictly pseudoconvex CR (2n+1)-manifold with boundary Σ. We write
θ βγ = ω
β
γ +
√−1ω˜ βγ with ω βγ = Re(θ βγ ), ω˜ βγ = Im(θ βγ ) and Zβ = 12(eβ −
√−1en+β) for real
vectors eβ , en+β, β = 1, · · · , n. It follows that en+β = Jeβ. Let eβ = Re(θβ), en+β = Im(θβ),
β = 1, · · · , n. Then {θ, eβ, en+β} is dual to {T, eβ, en+β}. Now in view of (2.1) and (2.2), we
have the following real version of structure equations:


dθ = 2
∑
β e
β ∧ en+β,
∇eγ = ω βγ ⊗ eβ + ω˜ βγ ⊗ en+β, ∇en+γ = ω βγ ⊗ en+β − ω˜ βγ ⊗ eβ ,
deγ = eβ ∧ ω γβ − en+β ∧ ω˜ γβ mod θ; den+γ = eβ ∧ ω˜ γβ + en+β ∧ ω γβ mod θ.
Let Σ be a surface contained in M . The singular set SΣ consists of those points where ξ
coincides with the tangent bundle TΣ of Σ. It is easy to see that SΣ is a closed set. On ξ, we
can associate a natural metric 〈 , 〉 = 1
2
dθ(·, J ·) call the Levi metric. For a vector v ∈ ξ, we
define the length of v by |v|2 = 〈v, v〉. With respect to the Levi metric, we can take unit vector
fields e1, · · · , e2n−1 ∈ ξ ∩ TΣ on Σ\SΣ, called the characteristic fields and e2n = Jen, called the
Legendrian normal. The p(pseudohermitian)-mean curvature Hp.h on Σ\SΣ is defined by
Hp.h =
∑2n−1
j=1
〈∇eje2n, ej
〉
= −∑2n−1j=1
〈∇ejej , e2n
〉
.
For e1, · · · , e2n−1 being characteristic fields, we have the p-area element
dΣp = θ ∧ e1 ∧ en+1 ∧ · · · ∧ en−1 ∧ e2n−1 ∧ en
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on Σ and all surface integrals over Σ are with respect to this 2n-form dΣp. Note that dΣp
continuously extends over the singular set SΣ and vanishes on SΣ.
We also write fej = ejf and ∇bf = 12(feβeβ + fen+βen+β). Moreover, fejek = ekejf − ∇ekejf
and ∆bf =
1
2
∑
β(feβeβ + fen+βen+β). Next we define the subdivergence operator divb(·) by
divb(W ) =W
β,β +W
β,β for all vector fieldsW = W
βZβ+W
βZβ and its real version is divb(W ) =
ϕβ,eβ + ψn+β,en+β for W = ϕβeβ + ψn+βen+β. We define the tangential subgradient ∇tb of a
function f by ∇tbf = ∇bf − 〈∇bf, e2n〉e2n and the tangent sub-Laplacian ∆tb of f by ∆tbf =
1
2
∑2n−1
j=1 [(ej)
2 − (∇ejej)t]f, where (∇ejej)t is the tangential part of ∇ejej .
We first recall the following CR Bochner formula for ∆b.
Lemma 3.1. Let (M,J, θ) be a strictly pseudoconvex CR (2n+1)-manifold. For a real function
f , we have
(3.1)
1
2
∆b|∇bf |2 = |(∇H)2f |2 + 〈∇bf,∇b∆bf〉
+[2Ric− (n− 2)Tor](∇bfC,∇bfC)
+2〈J∇bf,∇bf0〉,
where ∇bfC = fβZβ is the corresponding complex (1, 0)-vector field of ∇bf .
Now we derive the following CR Bochner formula for L.
Lemma 3.2. Let (M,J, θ) be a strictly pseudoconvex CR (2n+1)-manifold. For a real function
f , we have
(3.2)
1
2
L|∇bf |2 = |(∇H)2f |2 + 〈∇bf,∇bLf〉
+[Ric+ (∇H)2φ− n−2
2
Tor](∇bf,∇bf)
+2〈J∇bf,∇bf0〉 − f0〈J∇bf,∇bφ〉,
where (∇H)2φ(∇bf,∇bf) = φβγfβf γ + φβγfβf γ + φβγfβf γ + φβγfβf γ.
The proof of the above formula follows from the definition of L and the identity
(3.3) 〈∇bf,∇b〈∇bf,∇bφ〉〉 − 12〈∇bφ,∇b|∇bf |2〉 = (∇H)2φ(∇bf,∇bf)− f0〈J∇bf,∇bφ〉.
Also we note that
(3.4)
〈J∇bf,∇bf0〉 = 1n〈∇bf,∇bLf〉 − 2n〈P φf + P
φ
f, dbf〉
+f0〈J∇bf,∇bφ〉 − Tor(∇bf,∇bf).
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Then the CR Bochner formula for L becomes
(3.5)
1
2
L|∇bf |2 = |(∇H)2f |2 + n+2n 〈∇bf,∇bLf〉
+[Ric+ (∇H)2φ− n+2
2
Tor](∇bf,∇bf)
− 4
n
〈P φf + P φf, dbf〉+ f0〈J∇bf,∇bφ〉.
For the proof of the weighted CR Reilly formula, we need a series of formulae as we derived
in [CCW].
Lemma 3.3. Let (M,J, θ, dσ) be a compact weighted strictly pseudoconvex CR (2n+1)-manifold
with boundary Σ. For real functions f and g, we have
(3.6)
∫
M
(Lf) dσ = 1
2
Cn
∫
Σ
fe
2n
dΣφp ,
(3.7)
∫
M
[gLf + 〈∇bf,∇bg〉]dσ = 12Cn
∫
Σ
gfe
2n
dΣφp ,
(3.8)
∫
M
[ff00 − ff0φ0 + f 20 ]dσ = −Cn
∫
Σ
αff0dΣ
φ
p ,
(3.9)
∫
M
[〈J∇bf,∇bf0〉 − f0〈J∇bf,∇bφ〉+ nf 20 ]dσ = 12Cn
∫
Σ
f0fendΣ
φ
p ,
(3.10)
∫
M
[〈P φf + P φf, dbf〉+ 14fP φ0 f ]dσ = 12
√−1Cn
∫
Σ
f(P φn f − P φn f)dΣφp .
Here dσ = e−φθ∧(dθ)n is the weighted volume measure and dΣφp = e−φdΣp is the weighted p-area
element of Σ, and Cn = 2
nn!.
Lemma 3.4. Let (M,J, θ, dσ) be a compact weighted pseudohermitian (2n + 1)-manifold with
boundary Σ. For any real-valued function f on Σ, we have
(3.11)
∫
Σ
[fen + (2α− φen)f ]dΣφp = 0,
(3.12)
∫
Σ
[fβ + (
∑
γ 6=n θ
γ
β
(Zγ) +
1
2
θ n
β
(en)− φβ)f ]dΣφp = 0 for any β 6= n.
The Proof of Theorem 1.1:
Proof. By integrating the CR Bochner formula (3.5) for L, from (3.7) and (3.10), we have
1
2
∫
M
L|∇bf |2dσ =
∫
M
|(∇H)2f |2dσ + ∫
M
[Ric + (∇H)2φ− n+2
2
Tor](∇bf,∇bf)dσ
−n+2
n
∫
M
(Lf)2dσ + 1
n
∫
M
fP
φ
0 fdσ +
∫
M
f0〈J∇bf,∇bφ〉dσ
+n+2
2n
Cn
∫
Σ
(Lf)fe
2n
dΣφp − 2n
√−1Cn
∫
Σ
f(P φn f − P φn f)dΣφp .
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By combining (3.4), (3.9) and (3.10), we have
(3.13)
n2
∫
M
f 20dσ =
∫
M
(Lf)2 dσ − 1
2
∫
M
fP
φ
0 fdσ + n
∫
M
Tor(∇bf,∇bf)dσ
+1
2
Cn
∫
Σ
[nf0fen − (Lf)fe2n ]dΣφp +
√−1Cn
∫
Σ
f(P φn f − P φn f)dΣφp .
Also by (3.3) and (3.7), one gets
(3.14)
∫
M
f0〈J∇bf,∇bφ〉dσ
=
∫
M
(∇H)2φ(∇bf,∇bf)dσ +
∫
M
[
(Lf) 〈∇bf,∇bφ〉 − 12 (Lφ) |∇bf |2
]
dσ
+1
4
Cn
∫
Σ
[|∇bf |2φe
2n
− 2〈∇bf,∇bφ〉fe
2n
]dΣφp .
Note that |(∇H)2f |2 = 2∑β,γ[|fβγ|2 + |fβγ |2] and
∑
β,γ |fβγ |2 =
∑
β,γ |fβγ − 1nfσσhβγ |2 + 14n (∆bf)2 + n4f 20
with ∆bf = Lf + 〈∇bf,∇bφ〉. It follows from (3.13) and (3.14) that
(3.15)
1
2
∫
M
L|∇bf |2dσ
= 2
∫
M
∑
β,γ
[|fβγ|2 + |fβγ − 1nfσσhβγ |2
]
dσ − n+1
n
∫
M
(Lf)2dσ
+
∫
M
[Ric + 2(∇H)2φ− n+1
2
Tor](∇bf,∇bf)dσ + 34n
∫
M
fP
φ
0 fdσ
+ 1
2n
∫
M
[2(n + 1) (Lf) 〈∇bf,∇bφ〉 − n (Lφ) |∇bf |2 + 〈∇bf,∇bφ〉2]dσ
+2n+3
4n
Cn
∫
Σ
(Lf)fe
2n
dΣφp − 32n
√−1Cn
∫
Σ
f(P φn f − P φn f)dΣφp
+1
4
Cn
∫
Σ
[f0fen + |∇bf |2φe
2n
− 2〈∇bf,∇bφ〉fe
2n
]dΣφp .
In the following, we deal with the term
∫
M
∑
β,γ |fβγ − 1nfσσhβγ |2dσ. The divergence formula
for the trace-free part of fβγ :
Bβγf = fβγ − 1nfσσhβγ ,
is given by
(Bβγf)(Bβγf) = (f
βBβγf),
γ −n−1
n
(fPβf),
β +n−1
8n
fP0f
= eφ(e−φfβBβγf),γ −n−1n eφ(e−φfPβf),β +n−18n fP0f
−n−1
2n
f〈Pf + Pf, dbφ〉+ 12(fβφγBβγf + fβφγBβγf).
By using the identities 1
2
〈∇bφ,∇b|∇bf |2〉 = fβγfβφγ + fβγfβφγ + fβγfβφγ + fβγfβφγ and
fσ
σfβφ
β + fσ
σfβφ
β = 1
2
[∆bf 〈∇bf,∇bφ〉+ nf0〈J∇bf,∇bφ〉],
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and from (2.6), we get
∑
β,γ |fβγ − 1nfσσhβγ|2 = (Bβγf)(Bβγf)
= eφ(e−φfβBβγf),γ −n−1n eφ(e−φfPβf),β +n−18n fP φ0 f + 14〈∇bφ,∇b|∇bf |2〉
−1
2
(fβγf
βφγ + fβγf
βφγ)− 1
4n
[∆bf 〈∇bf,∇bφ〉+ nf0〈J∇bf,∇bφ〉]
+n−1
4n
f [L 〈∇bf,∇bφ〉+ n〈J∇bφ,∇bf0〉+ n2f0φ0].
By integrate both sides of the above equation, then apply the equation
∫
M
f [〈J∇bφ,∇bf0〉+ nf0φ0]dσ =
∫
M
f0〈J∇bf,∇bφ〉dσ + 12Cn
∫
Σ
ff0φendΣ
φ
p ,
use (1.2) to get
√−1(Pnf − Pnf) =
√−1(P φn f − P φn f)− 12 〈∇bf,∇bφ〉e2n + n2f0φen
and (3.14) again, we obtain
(3.16)
∫
M
∑
β,γ |fβγ − 1nfσσhβγ |2dσ
= n−1
8n
∫
M
fP
φ
0 fdσ +
n−2
4
∫
M
(∇H)2φ(∇bf,∇bf)dσ − n8
∫
M
(Lφ) |∇bf |2dσ
+ (n−2)(n+1)
4n
∫
M
(Lf) 〈∇bf,∇bφ〉dσ − 14n
∫
M
〈∇bf,∇bφ〉2dσ
−1
2
∫
M
(fβγf
βφγ + fβγf
βφγ)dσ + 1
4
√−1Cn
∫
Σ
(fβBnβf − fβBnβf)dΣφp
−n−1
4n
√−1Cn
∫
Σ
f(P φn f − P φn f)dΣφp + n−14n Cn
∫
Σ
〈∇bf,∇bφ〉e2n fdΣφp
+ n
16
Cn
∫
Σ
|∇bf |2φe
2n
dΣφp − n
2−n−1
8n
Cn
∫
Σ
〈∇bf,∇bφ〉 fe2ndΣφp .
Substituting these into the right hand side of (3.15), we final get
(3.17)
1
2
∫
M
L|∇bf |2dσ
= 2
∫
M
∑
β,γ |fβγ − 12fβφγ |2dσ − n+1n
∫
M
(Lf)2dσ + n+2
4n
∫
M
fP
φ
0 fdσ
+
∫
M
[Ric + 2(∇H)2φ− n+1
2
Tor](∇bf,∇bf)dσ + n+12
∫
M
(Lf) 〈∇bf,∇bφ〉dσ
−n+2
4
∫
M
[Lφ+ 1
2(n+2)
|∇bφ|2]|∇bf |2dσ + 2n+34n Cn
∫
Σ
(Lf)fe
2n
dΣφp
+1
4
Cn
∫
Σ
f0fendΣ
φ
p − n+22n
√−1Cn
∫
Σ
f(P φn f − P φn f)dΣφp
+1
2
√−1Cn
∫
Σ
(fβBnβf − fβBnβf)dΣφp + n+28 Cn
∫
Σ
|∇bf |2φe
2n
dΣφp
+n−1
2n
Cn
∫
Σ
〈∇bf,∇bφ〉e2n fdΣφp − n
2+n−1
4n
Cn
∫
Σ
〈∇bf,∇bφ〉 fe2ndΣφp .
On the other hand, the divergence theorem (3.6) implies that
2
∫
M
L|∇bf |2dσ = Cn
∫
Σ
(|∇bf |2)e2n dΣφp
= Cn
∫
Σ
[
∑
β 6=n
(
feβfeβe2n + fen+βfen+βe2n
)
+ fenfene2n + fe2nfe2ne2n ]dΣ
φ
p .
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Substituting the commutation relations feβen+γ = fen+γeβ , fen+βen+γ = fen+γen+β for all β 6= γ,
fene2n = fe2nen + 2f0 and
(3.18)
∑
β 6=n 2(fββ + fββ) + fenen =
∑2n−1
j=1 fejej = 2∆
t
bf +Hp.hfe2n
fe2ne2n = 2∆bf −
∑2n−1
j=1 fejej = 2∆bf − 2∆tbf −Hp.hfe2n ,
into the above equation, then integrating by parts from (3.11) and (3.12) yields
2
∫
M
L|∇bf |2dσ
= Cn
∫
Σ
∑
β 6=n(feβfe2neβ + fen+βfe2nen+β)dΣ
φ
p + Cn
∫
Σ
[fen(fe2nen + 2f0) + fe2nfe2ne2n]dΣ
φ
p
= Cn
∫
Σ
[
∑
β 6=n 2(fβfe2nZβ + fβfe2nZβ) + fenfe2nen]dΣ
φ
p + Cn
∫
Σ
[2fenf0 + fe2nfe2ne2n ]dΣ
φ
p
= Cn
∫
Σ
[
∑
β 6=n 2(fβφβ + fβφβ − fββ − fββ) + fenφen − fenen]fe2ndΣφp
+Cn
∫
Σ
[2fen(f0 − αfe2n) + fe2n(2∆bf − 2∆tbf −Hp.hfe2n)]dΣφp
−Cn
∫
Σ
[fen(∇ene2n)f + fe2n(∇enen)f + 2
∑
β 6=n(fβ(∇Zβe2n)f + fβ(∇Zβe2n)f)]dΣφp
+2Cn
∫
Σ
∑
β 6=n[θn
β(Zβ)fn − 12θβn(en)fβ + θnβ(Zβ)fn − 12θβn(en)fβ]fe2ndΣφp
= 2Cn
∫
Σ
fe2n (∆bf − 2∆tbf) dΣφp − Cn
∫
Σ
Hp.hf
2
e2n
dΣφp + 2Cn
∫
Σ
[αfenfe2n − f0fen]dΣφp
+Cn
∫
Σ
∑2n−1
j=1 [
〈∇ejen, ej
〉
fen + fejφej ]fe2ndΣ
φ
p − Cn
∫
Σ
∑2n−1
j,k=1
〈∇eje2n, ek
〉
fejfekdΣ
φ
p ,
here we use the equations
2
∑
β 6=n[θn
β(Zβ)fn − 12θβn(en)fβ + θnβ(Zβ)fn − 12θβn(en)fβ]
=
∑2n−1
j=1
〈∇ejen, ej
〉
fen + (∇enen)f +Hp.hfe2n
and
∑
β 6=n 2[fβ(∇Zβe2n)f + fβ(∇Zβe2n)f ] + fen(∇ene2n)f =
∑2n−1
j,k=1
〈∇eje2n, ek
〉
fejfek ,
the fact that (3.18) holds only on Σ\SΣ. However, dΣφp can be continuously extends over the
singular set SΣ and vanishes on SΣ. Finally, by combining the above integral into (3.17), we can
then obtain (1.3). This completes the proof of the Theorem. 
4. First Eigenvalue Estimate and Weighted Obata Theorem
In this section, by applying the weighted CR Reilly formula, we give the first eigenvalue
estimate and derive the Obata-type theorem in a closed weighted strictly pseudoconvex CR
(2n+ 1)-manifold.
The Proof of Theorem 1.2:
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Proof. Under the curvature condition [Ric(L)−n+1
2
Tor(L)](∇bfC,∇bfC) ≥ k|∇bf |2 for a positive
constant k and nonnegative weighted CR Paneitz operator P φ0 , the integral formula (1.3) yields
n+1
n
λ21
∫
M
f 2dσ
≥ k ∫
M
|∇bf |2dσ − n+14 λ1
∫
M
〈∇bf 2,∇bφ〉dσ − (n+ 2)l
∫
M
|∇bf |2dσ
= (k − (n+ 2)l)λ1
∫
M
f 2dσ + n+1
4
λ1
∫
M
φLf 2dσ
= (k − (n+ 2)l)λ1
∫
M
f 2dσ + n+1
2
λ1
∫
M
φ[|∇bf |2 − λ1f 2]dσ
≥ (k − (n+ 2)l)λ1
∫
M
f 2dσ + n+1
2
λ1
∫
M
[(inf φ)|∇bf |2 − (supφ)λ1f 2]dσ
= [(k − (n + 2)l)λ1 − n+12 ωλ21]
∫
M
f 2dσ,
here we assume Lφ + 1
2(n+2)
|∇bφ|2 ≤ 4l for some nonnegative constant l and let ω = osc
M
φ =
sup
M
φ− inf
M
φ. It implies that the first eigenvalue λ1 will satisfies
λ1 ≥ 2n[k−(n+2)l](n+1)(2+nω) .
Moreover, if the above inequality becomes equality, then ω = osc
M
φ = 0 and thus the weighted
function φ will be constant, we have L = ∆b and P φ0 = P0. In this case we can let l = 0, then
the first eigenvalue of the sub-Laplacian ∆b achieves the sharp lower bound
λ1 =
nk
n+1
,
and it reduces to the original Obata-type Theorem for the sub-Laplacian ∆b in a closed strictly
pseudoconvex CR (2n + 1)-manifold (M,J, θ). It following from Chang-Chiu [CC1], [CC2] and
Li-Wang [LW] that M is CR isometric to a standard CR (2n+ 1)-sphere. 
5. First Dirichlet Eigenvalue Estimate and Weighted Obata Theorem
In this section, we derive the first Dirichlet eigenvalue estimate in a compact weighted
strictly pseudoconvex CR (2n+1)-manifold (M,J, θ, dσ) with boundary Σ and its corresponding
weighted Obata-type Theorem.
The Proof of Theorem 1.3:
Proof. Since f = 0 on Σ and ej is tangent along Σ for 1 ≤ j ≤ 2n− 1, then fej = 0 for 1 ≤ j ≤
2n − 1 and ∆tbf = 12
∑2n−1
j=1 [(ej)
2 − (∇ejej)t]f = 0 on Σ. Furthermore, since Lf = −λ1f on M
22 ∗SHU-CHENG CHANG1, ∗∗DAGUANG CHEN2, AND ∗CHIN-TUNG WU3
and f = 0 on Σ, then Lf = 0 on Σ. It follows from (3.18) and ∆bf = Lf + 〈∇bf,∇bφ〉 that
4
√−1Cn
∫
Σ
(fβBnβf − fβBnβf)dΣφp
= Cn
∫
Σ
∑
β 6=n[feβ(feβe2n − fen+βen) + fen+β(feβen + fen+βe2n)]dΣφp
+Cn
∫
Σ
fe2n [(fenen + fe2ne2n)− 2n∆bf ]dΣφp
= Cn
∫
Σ
fe2n{[(en)2 − (∇enen)]f + (2n−2n ∆bf − 2∆tbf −Hp.hfe2n)}dΣφp
= n−1
n
Cn
∫
Σ
φe2nf
2
e2n
dΣφp − Cn
∫
Σ
(Hp.h + ω˜
n
n (en))f
2
e2n
dΣφp .
Also under the curvature condition [Ric(L)− n+1
2
Tor(L)](∇bfC,∇bfC) ≥ k|∇bf |2 for a positive
constant k, the weighted CR Paneitz operator P φ0 is nonnegative andHp.h−ω˜ nn (en)− n+22 φe2n ≥ 0
on Σ, then the integral formula (1.3) yields
n+1
n
λ21
∫
M
f 2dσ
≥ k ∫
M
|∇bf |2dσ − n+14 λ1
∫
M
〈∇bf 2,∇bφ〉dσ − (n+ 2)l
∫
M
|∇bf |2dσ
+1
8
Cn
∫
Σ
[Hp.h − ω˜ nn (en)− n+22 φe2n ]f 2e2ndΣφp
= [k − (n+ 2)l]λ1
∫
M
f 2dσ + n+1
4
λ1
∫
M
φLf 2dσ
= [k − (n+ 2)l]λ1
∫
M
f 2dσ + n+1
2
λ1
∫
M
φ[|∇bf |2 − λ1f 2]dσ
≥ [(k − (n+ 2)l)λ1 − n+12 ωλ21]
∫
M
f 2dσ,
here we assume Lφ+ 1
2(n+2)
|∇bφ|2 ≤ 4l on M for some nonnegative constant l and ω = osc
M
φ =
sup
M
φ− inf
M
φ. It implies that the first eigenvalue of L will satisfy
λ1 ≥ 2n[k−(n+2)l](n+1)(2+nω) .
Moreover, if the above inequality becomes equality, then ω = osc
M
φ = 0 and thus the weighted
function φ will be constant, we get L = ∆b and P φ0 = P0, which is nonnegative for n ≥ 2
by Lemma 2.5. Note that we need to assume that P0 is nonnegative for n = 1. Also the
corresponding eigenfunction f will satisfy
fαβ = 0 for all α, β,
[Ric− n+1
2
Tor](∇bfC,∇bfC) = k|∇bf |2,
and
P0f = 0
ON THE OBATA THEOREM IN A WEIGHTED SASAKIAN MANIFOLD 23
on M, and f = 0 on Σ. We also have Hp.h = 0 and ω˜
n
n (en) = 0 on Σ. In this case we can let
l = 0, then the first eigenvalue of the sub-Laplacian ∆b achieves the sharp lower bound
λ1 =
nk
n+1
.
By applying the same method of Li-Wang [LW], it can be showed that the pseudohermitian
torsion vanishes on M with boundary Σ. Then we follow from Chang-Chiu [CC2] to define the
Webster (adapted) Riemannian metric gε of (M,J, θ) by
gε = ε
2θ2 + 1
2
dθ(·, J ·) for ε > 0 with (n+ 1)ε2 = k.
Since Ric(Z,Z) ≥ k 〈Z,Z〉 and free torsion, the Theorem 4.9 in [CC2] says that the Ricci
curvature of gε satisfies
Rcgε ≥ [(2n+ 1)− 1] kn+1 .
And the mean curvature Hε is zero on Σ with respect to the metric gε, which will be presented
in the next. Then Theorem 1.2 in [CC2] will yield that the eigenfunction f of ∆b achieves
the sharp lower bound for the first Dirichlet eigenvalue of the Laplace ∆ε with respect to the
Riemannian metric gε. Therefore, by Theorem 4 in [Re], M is isometric to a hemisphere in a
standard CR (2n+ 1)-sphere.
In the following we show that the mean curvature Hε is zero on Σ with respect to the Webster
metric gε. We choose {lj = ej , l2n = αe2n+T√α2+ε2}2n−1j=1 , here en+β = Jeβ for 1 ≤ β ≤ n, to form
an orthonormal tangent frame and ν = 1√
α2+ε2
(
εe2n − αε T
)
be an unit normal vector on the
non-singular set Σ\SΣ. The second fundamental form is then defined by hεij = −
〈
ν,∇Rli lj
〉
gε
and the mean curvature is defined by Hε =
∑2n
j=1 h
ε
jj , here ∇R is the corresponding Riemannian
connection. By the Lemma 4.3 in [CC2], we have
∇Reβ = ω γβ ⊗ eγ + (ω˜ γβ + ε2δβγθ)⊗ en+γ + en+β ⊗ T,
∇Ren+β = −(ω˜ γβ + ε2δβγθ)⊗ eγ + ω γβ ⊗ en+γ − eβ ⊗ T,
∇RT = −εen+γ ⊗ eγ + εeγ ⊗ en+γ,
for β = 1, 2, · · · , n. Then the mean curvature Hε is given explicitly by
Hε = −
∑2n−1
j=1
〈
ν,∇Rlj lj
〉
gε
− 〈ν,∇Rl2n l2n
〉
gε
= −∑2n−1j=1 1√α2+ε2
〈
εe2n − αε T,∇ejej
〉
gε
− 1
(α2+ε2)2
〈
εe2n − αεT, l2n(α) (ε2e2n − αT )
〉
gε
= ε√
α2+ε2
Hp.h − εα2+ε2 l2n(α),
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and thus
Hε = Hp.h = 0
on Σ, if α vanishes on Σ.
In the following we show that α vanishes identically on Σ. It follows from the formula
[∆b, T ] f = 4Im[
√−1 (Aβγfβ
)
,γ ] = 0 that ∆bf0 = −λ1f0. Again from the equation
∫
M
ψ0dµ =
∫
M
divb (J∇bψ) dµ = 12Cn
∫
Σ
ψendΣp = 0
for any real function ψ which vanishes on Σ to get that
∫
M
(f 2)0 dµ = 0 for f = 0 on Σ and also
∫
M
[f∆bf0 + 〈∇bf,∇bf0〉]dµ = 12Cn
∫
Σ
ff0e2ndΣp = 0,
which implies that
∫
M
〈∇bf,∇bf0〉 dµ = 0. Thus
(5.1) 0 =
∫
M
[f0∆bf + 〈∇bf,∇bf0〉]dµ = 12Cn
∫
Σ
f0fe2ndΣp.
On the other hand, since f = 0 on Σ and αe2n + T is tangent along Σ from the definition of α,
so on Σ we have
f0 = −αfe2n
and
−αθ ∧ en ∧ (dθ)n−1 = en ∧ e2n ∧ (dθ)n−1 = 1
2n
(dθ)n
which is a nonnegative 2n-form on Σ. It follows from (5.1) that
0 = 1
2
Cn
∫
Σ
f0fe2ndΣp = −
∫
Σ
αf 2e2nθ ∧ en ∧ (dθ)n−1 = 12n
∫
Σ
f 2e2n (dθ)
n
.
This will yield that αf 2e2n = 0 on Σ and therefore f0 = 0 on Σ, so T is tangent to Σ and thus
α vanishes identically on Σ\SΣ and continuously extends over the singular set SΣ and the same
constant on SΣ. 
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